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The self-similar assumption used in jet and plume models is only valid for 
distances of greater than about six stack diameters downstream, in the 
zone of established flow (ZEF). The ‘Gaussian’ profile, observed at the 
beginning of the ZEF, must be related to source ‘top hat’ parameter 
values. However, previously used formulae are shown here to be approxi- 
mations, being valid only for non-buoyant sources (‘pure jets’). Extensions 
to sources of significant buoyancy are described in terms of the densi- 
metric Froude number, based on recently published experimental work. 
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Introduction 
In the problem of simulating plumes of water into lakes, of 
sewage into oceans or waste gases into the atmosphere, 
much work has been done by evaluating the trajectory 
characteristics by solution of sets of differential equations. 
When integrated across the plume cross-section, these are 
rewritten in terms of flux quantities for either mass or 
volume, buoyancy and momentum.‘-6 The profile is 
assumed to be self-similar and Gaussian, a flow which is 
established approximately six stack diameters downstream.’ 
This is the zone of established flow (ZEF) (Figure I). In the 
short distance between the exit and the beginning of the 
ZEF (i.e. in the zone of flow establishment, ZFE) the flow 
develops from the ‘top hat’ profile at the source to the 
Gaussian profile at the beginning of the ZEF. Many models 
either ignore explicit representation of the ZFE (e.g. 
reference 8) or assume that the top hat profile is maintained 
throughout the trajectory (a dangerous practice unless 
undertaken with care and implementation of model 
equivalent parameters’). Alternatively they follow the 
proposition of Koh and Fan3 that at the end of the ZFE, 
the origin is at (6.2 cos8, 6.2 sine) and the volume flux 
at this new initial point for the trajectory calculation is 
twice the actual fl~x.~ Koh and Fan’s analysis was based 
on the assumption that during the ZFE, the buoyant 
acceleration could be neglected. This is of necessity true 
only for a pure jet (Froude number FD -+ -). Koh and 
Fan’s analysis is reconsidered here and recent values for 
plumes of low Froude number are introduced which 
permit a more realistic appraisal of the ZFE for integral 
olume rise models. 
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ZFE for large Froude numbers 
Koh and Fan’s3 analysis is certainly true for high Froude 
number emissions. They argued that the momentum flux, 
M, was conserved throughout the ZFE which is true only if 
the buoyancy flux B is negligibly small. However, in this 
case (jet-like - large Froude number) it is reasonable to 
take : 
MA = nb+ Wi (1) 
MB = 
s 
2arWi exp(- 2r2/b&) dr 
0 
= nwg 
exp(-2r2/bL) m rrWib& 1 =--- -2/b& o 2 (2) 
where A denotes the beginning of the ZFE and B the end of 
the ZFE (beginning of the ZEF). Thus the profiles at A are 
top hat and at B are Gaussian. The subscripts A and T 
(= top hat) are thus synonymous for this initial discussion 
as are B and G (= Gaussian). bTand bG are the top hat and 
Gaussian length scales and W the centreline velocity. For 
the case W, = WA (again associated with large Froude 
numberIe) the equality of equations (1) and (2) shows that: 
b+ = b&/2 (3) 
Hence the volume fluxes, V, are found to be: 
V, = nb+W* 
V, = nb& W, = 2nb+W, 
(4) 
(5) 
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Figure 7 Zone of flow establishment IZFE) and zone of established 
flow (ZEF) for a buoyant jet (forced plume) 
Again if W, = WA, it is found that: 
V, = ZV, (6) 
The relationship for the buoyancy fluxes is similarly 
derived: 
BA = d-WA(P, - PA) (7) 
2 
Bs = & 71626 W,(p, - PB) 
= s 2nb%WB(pa - PB) 
where p is the plume density, pa the ambient density and 
h2 is the turbulent Schmidt number. However, for a neutral 
stratification BA = Bs and hence: 
1 +x2 
Pa-PB= $&z-PA) (9) 
Thus the flux parameters have now been defined at the end 
of the ZFE, occurring at a distance of 6.2 diameters down- 
steam of the source.7 
Correctly used this means that a Gaussian plume should 
be initiated at a downstream distance of 6.20 with efflux 
characteristics defined by the above equations to relate 
them to the top hat values at the real stack exit. 
ZFE for all Froude numbers 
The above argument, however. assumes in this short region 
that the buoyant acceleration is negligible (i.e. no change in 
momentum flux). This is true for effluents of high exit 
Froude number; but for more buoyant effluents an accelera- 
tion occurs within the ZFE as described by Chen and 
Nikitopoulos.” They present data for centreline velocity 
Wand length of ZFE (z,) as a function of Froude number 
(Figure 2) for a plume discharging vertically into a quiescent 
ambient. Since their results were derived from a differential 
model it is not practical to do other than construct an 
empirical fit to these curves and suggest hat, for use in 
integral models: 
wB I 1.66 F&< 8 
- = fw(FD) = 1.99 - 0.24 8 < < 128 wA I ln(Fh0/2) F&, 
1 .oo F& > 128 
F&<8 (10) 
z, = f,(F& = /(3.27+ 0.26a)De 8<F&<128 
I 6.2Do F& > 128 
(11) 
where: 
w+A F& =- 
’ bTA&A 
(12) 
and Do is the source diameter. It should be noted that the 
functional form should be dependent upon the jet exit 
turbulent velocity, /co. The representations of equations (10) 
and (11) utilize a ratio of ko/W$A = 0.0125 as suggested by 
Chen and Nikitopoulos,” based on observations of 
Albertson et a1.7 
The first consequence of considering the whole range of 
values for Fo is that for low Froude numbers the above 
relationships (equations (l)-(9)) do not hold since 
WB/W,# 1. 
Instead the following (equations (13)-( 18)) can be 
shown to be true: 
MA = 7rb$W2 (13) 
nb& nb$ 
MB = - Wi = - Wi f$(F,) 
2 2 
(14) 
VA = nb$WA 
J’B = ?Tb$WB = nb$ WJw(Fo) 
(15) 
(16) 
BA = nb+‘A(Pa -PA) (17) 
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Figure 2 Development of centreline velocity as a function of 
distance downstream from source (after Chen and Nikitopoulos”) 
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Table 7 Values of f,(Fg), z,(Fg) and spread rate db~/cis for high 
and low Froude numbers 
F2)=8 Fi)=128 
x2 
BB = - 
1 + h2 
nb$ WB Co, - PB) 
2 
= $y2 nb:: ~A~w@‘D>(P, - PS> (18) 
In order to evaluate these relationships the special case of 
neutral stratification is considered. In this case it is reason- 
able to assume that during the ZFE the buoyancy flux is 
conserved, i.e. Bg= BA; and hence from equation (18): 
2 
64pa -PA) = $y2 &hM’~)(~a - PS> (19) 
This is a single equation for two unknown ratios: bT/bG 
and (pa - pA)/(pa - pB). Hence a further assumption is 
required. It is suggested that the best approach is to con- 
sider the cases of (p, - PA)/@, - ps) specified by equation 
(9) or bT/bc given by equation (3). 
Case I. The relationship for density deficiency estab- 
lished for jets (equation (9)) is still valid. In this case: 
b2 = b’&fw(Fid 
T ‘1 (20) 
L 
As fw varies from 1 to 1.66, the ratio b,/bG is in the range 
0.71 to 1.17. The consequence on the fluxes is that: 
MB = MA.~ ryiF~) (21) 
VB = 2VA (as before) (22) 
Case II. The relationship for radial length scales (equa- 
tion (3)) is still valid in which case: 
Pa-PA = sfw(FD)(P, - PB) 
or in terms of A = B/b2 W: 
1+ h2 
AB= 
2X2fw 
AA (23) 
In this instance: 
MB = MAfi&) 
VB = 21r,f w’(Fd 
both of which are greater than or equal to the case I 
alternatives. 
(24) 
(25) 
To compare case I and case II it should be noted that 
the Gaussian equivalent at the beginning of the ZFE (i.e. 
that profile which has equivalent fluxes etc.) (see 
Henderson-Sellers’) is: 
bcA = b&fi (26) 
Thus for case I the Gaussian length scale at point A, bGA 
(= by-&2), develops (at point B) t0 bGB(=bTA&dfw) 
in a distance z,. For case II b, = bT_&2 and bGB = 
bTAd2. The rates of increase are thus: 
Case I: 
fw 1.66 1 .oo 
=e 8.obTA 12.&7_A 
dbG -1 case I 0.0488 0.0570 
ds case I I 0.0884 0.0570 
Since z, is a function of the Froude number it is possible 
to evaluate these spread rates from equations (27) and (28) 
for both high and low Froude numbers (Table 1). 
Now: db/ds = cv (references 11 and 12) where (Y is the 
entrainment coefficient. For a point source, the Gaussian 
profile, (IL is a function of Froude number13 such that: 
cY(high FD) ‘v 0.05 CX(~OW FD) N 0.09 
Comparing these values with those in Table 1 suggests that 
case II is more reasonable since the case I assumption leads 
to an underestimate of the entrainment coefficient by up to 
almost 50% (for buoyant emissions). 
Conclusions 
For an integral plume rise model, the calculation should be 
initialized at the end of the ZFE (beginning ZEF). This is 
located at a distance z, downstream, where z, is biven by 
equation (11). At this point, the Gaussian radial length 
scale is given as: 
b GB = X&A 
and the initial Gaussian velocity as: 
wGB = h/ifw(Fo) 
The initial value of A is given as: 
1 + h2 
A 
GB = 2h2fw(FD) 
ATA 
where: 
w; 
F - 
DO = b&g 
which is in complete agreement with Chen and Nikito- 
poulos’ recommendations.” With these adjustments, the 
volume flux, vB is automatically calculated as 2vA fw - 
which for high Froude numbers = 2 VA as often quoted 
(e.g. reference 6). 
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